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- Two coupled Luttinger chains
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- Abstract. 'I\vo Lumnger chains coupled by an attractive mteracuon are investigated. Because of
the atiractive interaction the charge-1e excitations have a gap, in contrast 1o & holon with charge
2¢ which is massless. A superconducfor order parameter for the two charges is introduced.

.The pair—pair correlation-is computed. We find 2 power-law behaviour controlled by the Z¢ |
Luttinger excitations. We comment on the relevance of this work to the recent suggestions
for triplet pairing between planes and s waves in the plane. We mention the possibility of a
persistent current with a period of ¢()/2 = hr_'/ze in coupled rings.

“Recently Anderson [1] has suggested that the physics of strongly correlated systems in one
" and two dimensions are described by the Luttinger liquid. One of the possible consequences -
_ of this fact is that superconductivity will arise when two Luttinger liquids are coupled.

_ In order to investigate this possibility we shall study the effect of an attractive interaction
between two metallic chains. Instead of normal metal we shaill assume that our chains are
described by a Luttmger liquid. One of the important features of the Lutnnger liquid is
that the fermion excitations are decomposed into holon (charge le) and spmon {spin 2)
excitations, These two excitations propagate with different velocities. 'When we add an
attractive interaction between the chains, the interaction induces a gap in the charge-le
holon, giving rise to a charge-2e holon which propagates as-an acoustic wave.

Formally we use the bosonization [2] method and decompose the fermions into two
bosons: the holon and the spinon. "The two chains are described by an isospin index
7 = +, — Therefore each bosonic field has two indices ¢ =1, |, 7 = +, —, spin and
isospin. The Hamiitonian which describes this problem is given by

H = H® 4 Hy,. : (1a)

H® is the Hamiltonian for the two uncoupled Luttmger chains. Since in each Luttinger
- chain we have spm and charge separatlon we write 7 , :
-y YR S w
. T=+,— T=-,— : _ _ -
HY_ is the charge Hamiltonian' and H_,ST is the Spinon Hamiltonian in the chain 7 =+, =.
Formally such a decomposition is achieved when we start with a repulsive interaction
away from the half-filled band. We replace the fermion fields ¥, (x) and ¥} (x) by
four boson fields @ - (x) and the conjugate momentum Il; . (x), [¢(*), My~ (x)] =
i8(x —x )3,,6 r+- The relation between the fermions and the bosons is given by

Vol = XKD o)+ IR R o) Ca)

- _ N A, _
'»b-'R(LJ.rr,r(x) = t!_lf}) mexp[_m'(‘/;m dx na.r(x_)i‘ﬁa.r(x)):l- (215)
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Ky " is the Fermi momentum for each chain when the number of particles is not fixed; ¢o.
and g, have to be shifted by the integers N, and /. [2].

In the case when we are dealing with a ring of length L which is treated by a flux
@ (Pg = hc/e) -6 = @/ Py), the field ¥, is changed to

Yo, (x) — expli@rx/L)8:] o (x). (2¢c)

Using equations (2a) and (2b) we find that the charge in the number of particles and
flux gives rise to a trivial shift (zero modes) in ¢, and IT, .:

¢(-¥) - G (X)) + Nymrx/L Mo (2} = Mg o (%) + Joo /L +20/L(24)

First we ignore these shifts. Then we shall shift our results according to equation (2d)
“when we wish to consider thermodynamics or persistent currents.

Using the representations given by equations (2¢) and (2b) allows us to express the
Hamiltonian H given in equation (15):

H= | a3 -8+ 1 (48 @] (3a)

. |
H), = fu dx (3112, + 30462 )]. - (3b)

Equations (3a2) and (3b) are the usual Luttinger liquid representations given in terms
of a repulsive interaction of strength g. Microscopically, one has additional terms; which
produce, away from half-filling, a normalization of the parameters 1 — g/m and 1 + g/=.
The relations between ¢.,; and ¢s,; and the original bosons ¢; , and ¢, . are given by

bee = Bre +BLIVZ  or = Bre— bV (o)

The interaction between the two chains is given by Hiy:

Hipe = —J f (Z > ggfcx)p_a_rp(x) ) (3d)

_ o=t} 1=+,—
where J is the coupling between the chains;

Po,r(X) =leso ?;r(x)"!fmr (x+e): (3e)

Using equations (24), (26) and (3¢) we replace the interacting Hamiltonian equation
(3d) by ,

Hipy = —.ff ( P&,r(-x)p—a.—r :)
a=t,] r—+ - -

: 1
-y fo d.x( > T —Gete)@bo)

o=t,4 7=+,
+ Zor e S F o = -m0) + 20K 1) )
where Ki~" — Kf=™ = AKGp is the difference between the K¢ momenta of the two chains.

7 Equanons (3a), (3b) and (3f) represent the bosonization representation for the two coupled
Luttinger chains.

In the next step we perform an orthogonal transformation and introduce four boson
fields: ¢" carries charge le and no spin; ¢{ carries charge 2¢ and no spin; ¢! carries
no charge and corresponds to spin S, = 0, S = 1; ¢V carries no charge and spin 1 in the
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~ spin S, =1, § = 1 configuration: . o )

O = (1/V2 e — o) = VD@14 + $ps — b1,- =~ by,
P = (1/«/“ Dt +Pe-) = (N1 + b1+ +¢T +y. -)

B = (VD ek — b50) = VB Gp — bus — b1 +¢¢ n)
0 = (VD (sr+ G52) = (VDB — Bis + G5.- = B).

Using the orthogonal transformation given in equation (4a) we replace equatlons (3a),
(3b) and (3f) by the following Hamiltonian:

H= Hé!s“ +H(U}+H(Z) ) (4b)
- H{ s represented in terms of the charge-1e holon field ¢ and the spinon field ¢{":
Hc{; D 11— g /2m) (Y4 31 /27— T /) B + LTV AL (14T /) (3o 8PN ,
— {24 /(me) T cos(vax (D) cos(vAm ¢® + 2A K xj. - (4c) -
Because of the chain—chain interaction, equation (4¢) will develop a gap in the limit

AKg —> 0. As a result the charge-1le holon field tf:”) and spinon feld qb“) will have a gap
in the excitations:

H(u, [_(n;m)2+ 5(1 J/N)(a_;tﬁ(m)z ) 7. - -- (4d)

H® =4(1- - g/2n)([TIPY 4 J(L+ gf2m — 7 [mY3:8PY. - (e
* In contrast to H{LD which has ‘massive’ excitations, "HO and H® have ‘massless’

excitations. This means that there is no gap in the excitation specttum of the charge-2e
holon field @ and for the boson field ¢{ in the spin configuration S; =0, § = 1.
' This result means that the interaction between the charges make it unfavourable for the
-~ holon charge le to travel free. In order to do so, one must lose an energy of the order *.J°
- or break the pair characterized by the holon field ¢{¥ with charge 2e. The fact that ¢{2 and
O (the spin excitation in the triplet configuration S; = 0, S = 1) are massless suggests
that the triplet state §; = 0,5 = 1, w1th angular momentum / = 0 and isospin 7 = 0 is
-posmble (For each chain we have 7 = 2, 7= :I:z, representing localization on one chain
or the other.) We would like to mention that- such a pairing mechapism is cons:stent with
recent suggestions.in the high-T. superconductors [3]. )

" The NMR data (the absence of a Hebel-Shlichter peak which is suggesnve of spin tnplet
pairing) and non-coherent motion in the ¢ direction (ihe direction perpendicular to the planes)
suggest that one can have a pair wavefunction which is s wave like within each plane, a
triplet in spin space and antisymmetric with. respect to the interchange of the two layers.
At this point we wish to show that our situation is in some sense dlfferent. We have two
chains (rio planes) which are a Luttinger tiquid (and not 2 Fermi liquid) for which charge and
spin ‘separation takes place. In both cases the matrix elements for single-electron transfer
between chains and planes is neglected. In our case we can justify this neglect because of
the results obtained in [1]. It was shown by Anderson [4] that, if we take a 1D Luttinger
liquid and add single-particle hopping elements which are not too large, the Luttinger liquid
is stable. After this general remark we can return to our model which is summarized in the
results obtained in equations (4a)}{4d). We shall use these resuits to describe the pairing
order parameter A(x) in terms of the four boson fields ¢{", ¢{, ¢{ and ¢{". We consider
the triplet pairing in the state s = 1, 8: = 0, 7 = O

A(x) = [’#R T +(-x)‘/’|_, b w’L\.T ._(x)'t”k i, +] + [WR T,—(x)wl«lv +(—x) 'ﬁ[,,,t +(x) ]ﬁk i NETIE
(S5a)

4



4846 D Schmeltzer and J L Birman

Using bosonic language we obtain

Alx) = l:exp (iﬁ(‘#'r.-i- - ) +ivE | ax [T ) + H¢,_(x’)])

L
— exp ( ~ i (- — Pp) +ivT dx'(fy,~ + HJ,.+))]

-0

+ [exp (iﬁ(m._ —du4) +ivT f_ m dx’ [Ty, (x) + m,.i.(x')])

— exp ( ~ i/ (P4 — Gy.-) +ivT f_; dx' {14+ (x") + l'IJ,,_(x’)])]
= [exp (i\/E(qb},” + M +ivm f m dx’ (12 () + 190 (x’)])

—exp (lf @0 — ) +ivE m dx' [P () = n§°><x')1)]

+ [exp (_ 14/—(@5“) (-l)) + 1'\/7? * dx’ {H,‘f’(x’) _ Hgﬂ)(xf)])

‘o =0

—exp(—l«/_ @ + ¢ + i ) dx' [MP(x") +H(°’(x’)1)]- (55)

We then employ the fact that the fields ¢/®, 11 and ¢/, IT are massless; using the

representation given in equation (56) we compute the pair-pair correlation for the triplet
state and T = 0. We find that

(A, DA*(x + R, 1)) 2 [(R = VOt — | +i/)(R + V2l — ¥ —ife)] &

X (R = VOl = ¢| + YR + VOl — | = /ey (5¢)
where V2, V% and B, BO are the velocities and the correlation exponents of the two
Luttinger liquids given in equations (4e) and (4d): -

- VP =Vt = ImfA-g2m) VO =VT-J/n

BP ~ 1/an /1= g/2m O ~ 1/4m. -
Finally, we would like to comment on the persistent current of two coupled rings treated
by the flux . According to equations (26‘) and (2d) the effect of the flux is to shift IT, - (x)
by 26/L, 0 = &/ Py,
Owing to the coupling between the rings we perform the orthogonal transformation
gwen in equation (4a). As a result we find that the shift in the charge-2e holon is
: n[Z) H(Z) + 48/L (6a)
which is the same as a shift in 28’ /L with 8" = <I>/ ®y. As a result the persistent current
will have a period of & 5®p = hc/2e and not $y.

To conclude we have shown that the coupling between two Luttmger chains produces
a gapless excitation for charge-2¢ bosons.

(5a)
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