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Two coupled Luttinger chains 

D Schmeltzer and Joseph L Binnan 
Depanment of Physics, City College of Ihe clry University of New York, NY IW31, USA 

Received 12 N o v e m k  1992 

Abstract WO LuUinger chains coupled by an amclive interaction are investigated. Because Of 
the 2mactive interaction the charge-le excitations have a gap, in c o n a t  to a holon with charge 
2e which is massless. A superconductor order parameter for the two charges is introduced. 
The pair-pair comlation.is computed. We find a power-law behaviour conmlled by ule 2e 
Luttinger excitations. We comment on the relevance of thb work to lhe recent suggestions 
for triplet pairing between planes and s waves in the plane. We mention the possibility of a 
persistent current with a'period of Oop = hc/Ze in coupled rings. 

Recently Anderson [ I ]  has suggested that the physics of strongly correlated systems in one 
and two dimensions are described by the Luttinger liquid. One of the possible consequences 
of this fact is that superconductivity will arise when two Luttinger liquids are coupled. 

In order to investigate this possibility we shall study the effect ofan attractive interaction 
between two metallic chains. Instead of normal metal we shall assume that our chains are 
described by a Luttinger liquid. One of the important features of the Luttinger liquid is 
that the fermion excitations are decomposed into holon (charge le) and spinon (spin 4) 
excitations. These two excitations propagate with different veldcities. When we add an 
attractive interaction between the chains, the interaction induces a gap in the charge-le 
holon, giving rise to a charge-2e holon which propagates asan acoustic wave. 

Formally we use the bosonization [2] method and decompose the fermions into two 
bosons: the holon and the spinon. The two chains are described by an isospin index 
r .= +, -. Therefore each bosonic field has  two^ indices U +, $, r = +, -, spin and 
isospin. The Hamiltonian which describes this problem is given by 

( 1 4  
H o  is the Hamiltonian €or the two uncoupled Luttinger chains. Since in each Luttinger 
chain we have spin and charge separation, we write 

~~~ ~ 

H = H O  + H~,. 

Ho = H& + H&. 
r=+,- r=+,- 

H;, is the charge Hamiltonian and H& is the spinon Hamiltonian in the chain r = f, -. 
Formally such a decomposition is achieved when we start with a repulsive interaction 
away from the half-filled band. We replace the fermion fields @u,r(x) and @&(x) by 
four boson fields & ( x )  and the conjugate momentum n,,(x), [4u,r(x), n,:,+')l = 
iS(x - x')S~,udT,T,. The relation between the fermions and the bosons is given by 

(24 @c.r~x) = exp(i@'x) +La,r(x) + exp(-i@'x) h,B.T(x) 
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K g '  is the Fermi momentum for each chain when the number of particles is not fixed; 40,r 
and iSn.r have to be shifted by the integers No,r and fu,r 121. 

In the case when we are dealing with a ring of length L which is treated by a flux 
@ (@o = hc/e) ..3 9/@0). the field 
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is changed to 

k 4 x )  -+ ex~[i(2zx/L).3J (24 
Using equations (Zn) and (2b) we find that the charge in the number of p d c l e s  and 

flux gives rise to a trivial shift (zero modes) in and 

42: 4 4g,Sx) + NU.,nxlL n,Sx) + nu,&) + J , J L  + 2@/L(2d) 
First we ignore these shifts. Then we shall shit? our results according to equation (2d) 

Using the representations given by equations (2a) and (2b) allows us to express the 
when we wish to consider thermodynamics or persistent currents. 

Hamiltonian H a  given in equation (lb): 

Equations (3n) and (36) are the usual Luttinger liquid representations given in terms 
of a repulsive interaction of strength g. Microscopically, one has additional terms; which 
produce, away from half-filling, a normalization of the parameters 1 - g / x  and 1 + g/n. 
The relations between 4c.z and 4s~z and the original bosons &,< and $$,< are given by 

@CJ = w . 7  +4d/JZ @&* = (4r.r - 44,Jfi.  Qd 
The interaction between the two chains is given by Hht: 

where J is the coupling between the chains: 

Po.&) =:<-to +;r(x)*u.r(x + E )  : (34  
Using equations (2n), (26) and (3e) we replace the interacting Hamiltonian equation 

( 3 4  by 

Hint = -JL' &( : Po,r(x)p-u,-r :) 
fr=?.& r=+.- 

where K;'+ - K;=- = AKF is the difference between the KF momenta of the two chains. 
Equations ( 3 ~ ) .  (3b) and (3 f )  represent the bosonization representation for the two coupled 
Luttinger chains. 

In the next step we perform an orthogonal transformation and i n d u c e  four boson 
fields 4;'' canies charge le  and no spin; 4;') carries charge 2e and no spin; 4:') canies 
no charge and corresponds to spin S, = 0, S = 1; @:I) carries no charge and spin 1 in the 
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spin S, = I ,  S = 1 configuration: 

R” = ( I / f i ) ( & +  -&-I = ( I / A ( @ t . t  + &.+ - &,- - 4%) 

R’ = (I/%”+ +&-) = ( I / J m L , +  +&.+ +Qt.- +h.J 
d o )  = (I/fi)(,$s.+ - A,-) = (I/A)(@+,+ - h+ - &,- + 4 L . J  

(‘w 

#I’ = ( l / f i ) ( @ s , +  +@s.-) = (1/A)(4?,+ -4r.t +#T.- -@A.-). 
Using the orthogonal transformation given in equation (40) we replace equations (3a), 

(W 

H:,:.’) = $(I - R / 2 ~ ) ( n ~ 1 ’ ) 2 + f ( ~ + g / 2 n - ~ i n ) ( a , ~ ~ 1 ) ) 2 + ~ ( n ~ i ) ) 2 + 4 ( ~ + ~ / n ) ( a , ~ ~ * ) ) 2  
(44 

(3h) and (3f) by the following Hamiltonian: 

Hi,:’) is represented in terms of the charge-le holon field 
H = H;,; 1) + g o )  + H22’. 

- [2J/(ne)2]cos(&q4~i)) COS(&#’ + 2A KF x ) .  

and the spinon field 4:’): 

Because of the chain-chain interaction, equation (4c) will develop a gap in the limit 
A& + 0. As a result the charge-le holon field $;I) and spinon field +:’) will have a gap 
in the excitations: 

(4-4 

(44 

q o ’  = I n‘ol 2 * (  s ) + ;cl - J/n)(a,4:o’)2 
H, (2) - - 2( 1 1 - g/2x)(n:2))2 + # +  g/zn - J/n)(ax@))2. 

In conbast to H:,:” which has ‘massive’ excitations, HJ0) and HJ2) have ’massless’ 
excitations. This means that there is no gap in the excitation spectrum of the charge2e 
holon field 0;’’ and for the boson field &O) in the spin configuration S, = 0, S = 1. 

This result means that the interaction between the charges make it unfavourable for the 
holon charge l e  to travel free. In order to do so, one must lose an energy of the order ‘J’ 
or break the pair characterized by the holon field $A2) with charge 2e. The fact that q5f) and 
@io) (the spin excitation in the triplet configuration S, = 0. S = 1) are massless suggests 
that the triplet state S, = 0, S = 1, with angular momentum 1 = 0 and isospin t = 0 is 
possible. (For each chain we have t = f. tz = &If, representing localization on one chain 
or the other.) We would like to mention that such a pairing mechanism is consistent with 
recent suggestions in the high-Tc superconductors 131. 

The NMR data (the absence of a Hebel-Shlichter peak which is suggestive of spin iriplet 
pairing) and non-coherent motion in the c direction (the direction perpendicular to the planes) 
suggest that one can have a pair wavefunction which is s wave like within each plane, a 
triplet in spin space and antisymmetric with respect to the interchange of the two layers. 
At this point we wish to show that our situation is in some sense different. We have two 
chains (no planes) which are. a Luttinger liquid (and not a Fermi liquid) for which charge and 
spin separation takes place. In both cases the matrix elements for singleelectron transfer 
between chains and planes is neglected In our case we can justify this neglect because of 
the results obtained in [I]. It was shown by Anderson [4] that, if we take a ID Luttinger 
liquid and add single-particle hopping elements which are not too large, the Luttinger liquid 
is siable. After this general remark we can return to our model which is summarized in the 
results obtained in equations (40)-(4d). We shall use these results to describe the pairing 
order parameter A ( x )  in terms of the four boson fields 4:’). @, 4: and 4:’). We consider 
the triplet pairing in the state s = 1, s, = 0, t = 0: 
A(x) = [+&.+(4+:&,- - +&.-(X)?&l+ [%,k+.t.-(x)+:$,+(r) - +{&)$i&,-(x)l. 

(5d 
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Using bosonic language we obtain 
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&’ [n,+(x’) + n~,-(x’)l 

We then employ the fact that the fields @), l72’) and #io), ilAo’ are massless: using the 
representation given in equation (5b) we compute the par-pair correlation for the triplet 
state and T = 0. We find that 
(A(x. t)A*(x + R.  t ’ ) )  2 [(R - V:”lt - t‘l + i/e)(R + V,“’lt - t‘I - i / ~ ) ] - ~ ”  

(54 
where Viz ) ,  V 5 ( O )  and piz’, pio’ are the velocities and the correlation exponents of the two 
Luttinger liquids given in equations (4e) and (4d): 

x [(R - V:”It - f’l + i/e)(R + V;’)lr - t’l - i/e)]-fll” 

V:’) = J(1+ g / b  - J / H ) / ( ~  - g/&) 

p:” - 1 / 4 x J m  

Kc0’ = ,/- 
(5d) 

p:” - 114~ .  
Finally, we would like to comment on the persistent current of two coupled rings treated 

by the flux @. According to equations (Zc) and (2) the effect of the flux is to shift ilo,,(x) 
by B / L ,  8 = @/@o. 

Owing to the coupling between the rings we perform the orthogonal transformation 
given in equation (4a). As a result we find that the shift in the charge-2e holon is 

which is the same as a shift in ZB‘/L with 8’ = @/$DO. As a result the persistent current 
will have a period of $DO = hc/2e and not Q0. 

To conclude we have shown that the coupling between two Luttinger chains produces 
a gapless excitation for charge-% bosons. 
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